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We introduced a new electron density n(ǫ) by projecting the spatial electron density n(r) onto the
energy coordinate ǫ defined with the external potential υ(r) of interest. Then, a density functional
theory (DFT) was formulated, where n(ǫ) serves as a fundamental variable for the electronic energy.
It was demonstrated that the Kohn-Sham equation can also be adapted to the DFT that employs
the density n(ǫ) as an argument to the exchange energy functional. An important attribute of
the energy density is that it involves the spatially non-local population of the spin-adapted density
n(r) at the bond dissociation. By taking advantage of this property we developed a prototype of
the static correlation functional employing no empirical parameters, which realized a reasonable
dissociation curve for H2 molecule.
PACS numbers: 31.10.+z, 31.15.E-
Kohn-Sham density-functional theory (KS-DFT) [1]
has been successfully utilized to study various proper-
ties of molecule, cluster, and solid. It offers a versatile
framework for describing the electronic correlation en-
ergies of matters merely in terms of electron density n.
It, however, suffers from critical problems, referred to
as “static correlation error(SCE)” and “self-interaction
error(SIE)”, that emerge in the dissociations of chem-
ical bonds even in simplest molecules, e.g. H2 or H
+
2 .
As reviewed in Ref. [2], the former gives rise to seri-
ous destabilization in the electronic energy of a system
with fractional spins at atomic sites, and it also leads to
qualitative failures in nearly degenerate electronic states.
The latter manifests itself as erroneous stabilization for a
system with fractional charges, and consequently, tends
to delocalize electrons over the system artificially. Im-
portantly, it is diagnosed that the problematic situations
arising in the applications of KS-DFT have their origins
in these specific errors [2]. Thus, eliminating the root of
errors will extend the frontier of DFT.
The source of the failures lies not in the formal-
ism of DFT, but in the fundamental framework of
the approximate exchange-correlation functional Exc[n]
which carries the complex effects of electron repulsions.
The Kohn-Sham equation for the non-interacting elec-
trons involves the local potential defined as υxc[n](r) =
δExc[n]/δn(r) at position r. In principle, it is possible
to incorporate the non-local information of the electron
density in the construction of υxc(r). In practice, how-
ever, due to the local density approximation (LDA) on
which the basic framework of the approximate function-
als is founded, only local or semilocal properties at r
(n(r),∇n(r), and ∇2n(r), . . .) are utilized to yield the
potential υxc(r). Here, we briefly illustrate the SCE
which arises in describing a bond dissociation with LDA.
Suppose that the chemical bond of H2 is stretched, the
exchange hole associated with a reference point rref on
an atomic site will be split over the two separated atoms.
Unfortunately, it is unlikely that the local quantities
at rref can take into consideration the other exchange
hole shifted on the distal site. Thus, the hole depth
at rref is to be estimated as half of the density n(rref),
which causes the erroneously high dissociation limit of
H2 within the LDA-based approach [3]. The underly-
ing mechanism for the SIE can also be interpreted in
terms of the defect arising from LDA. A new framework
of approximation based on a different starting point is,
therefore, needed to overcome these problems.
We propose in this Letter to introduce a new distribu-
tion of electrons which serves as a fundamental variable
in DFT. Explicitly, we project the electron density nσ(r)
(σ = α or β) onto an energy coordinate ǫ to yield a new
distribution, thus,
neσ[υdef](ǫ) =
∫
drδ(ǫ − υdef(r))nσ(r) (1)
where υdef is the potential function introduced to define
energy coordinate ǫ for electrons. Usually, the exter-
nal potential υext of interest is taken as the potential
υdef. Hereafter, the dependence of the density n
e
σ(ǫ) on
the potential υdef is not explicitly indicated for the sake
of brevity. We note Eq. (1) is parallel in form to the
definition of the solvent distribution function utilized in
a novel theory of solutions in energy representation de-
veloped by Matubayasi et al [4]. Their approach has
been successfully applied to the calculation of solvation
free energies of various solutes in solutions. As demon-
strated below a rigorous framework of electronic DFT
can also be founded in terms of the energy distribution
neσ(ǫ) of Eq. (1), and further, the theory can be adapted
to Kohn-Sham procedure provided some explicit func-
tional Eυxc[n
e
σ] is given.
The projection of the spatial distribution nσ onto the
energy coordinate ǫ of one dimension (Eq.(1)) smears
the details of the density used to build the exchange
hole function. However, as investigated by Parr and
Berk in Ref. [5], the electron densities in molecules as
well as in atoms have contours nearly parallel to those
of bare-nuclear Coulomb potentials. From the statis-
tical point of view it seems quite natural to consider
that the electron population is reasonably constant on
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FIG. 1. Electron densities nR
σ
(upper left) and nU
σ
(lower
left) of dissociated H2 molecules, respectively, for the spin-
restricted and unrestricted Kohn-Sham DFT. Lower right fig-
ure shows the energy distribution ne
σ
(ǫ) given by the projec-
tions of nR
σ
and nU
σ
.
the equi-energy surface of the external potential. Pro-
vided that this postulate is valid, the new type of DFT
that is based on the energy electron density neσ(ǫ) will
not spoil the quality of the exchange functional. The
advantage of introducing the distribution of Eq. (1),
which is vital for the present development, is that the
energy distribution can take into consideration the spa-
tially non-local population of electrons. We illustrate
in Fig.1 the electron densities nRσ (r) and n
U
σ (r) yielded,
respectively, with spin-restricted and unrestricted KS-
DFT for a dissociated H2 molecule. These distributions
completely differ from each other in their spatial behav-
iors. The projections of these onto the energy coordinate
ǫ, however, provides exactly the same distribution neσ(ǫ)
when 2nRσ (r) = n
U
σ (r) is satisfied on site HA. Thus, the
symmetry-broken solution gives the same energy distri-
bution as the symmetry-adapted density. Therefore, the
value of the functional Eυxc[n
e,R
σ ] becomes in principle the
same as that of Eυxc[n
e,U
σ ] for any choice of approximate
functional Eυxc of the energy distribution. For SIE the
energy distribution also shows a favorable behavior. Ex-
plicitly, the charge delocalized over the dissociated frag-
ments has the same energy distribution as that for the
charge distribution localized on a single site. Hence, the
argument to the energy functional Eee[n
e] for the elec-
tron repulsion stays constant for the charge fragmenta-
tion. From the viewpoint of the functional development,
this property is advantageous since the delocalized state
has the same electron energy as the localized state.
We now formulate the density functional theory where
the projected density ne(ǫ) instead of n(r) serves as a
fundamental variable. First of all, it should be kept in
mind that an energy distribution is constructed using
a defining potential υdef as shown in Eq.(1) and, hence,
the information contents of an energy distribution differs
from another one when they are associated with different
υdef. For a given external potential υˆext the Hamiltonian
Hˆ for N -electron system is given by
Hˆ = Tˆ + Vˆee + υˆext (2)
where Tˆ and Vˆee are, respectively, the kinetic energy and
electron repulsion operators. The ground state energy
E0 of a system can be derived in the way parallel to the
Levy’s constraint search [6] for an N -electron system,
thus,
E0 = min
Ψ→N
〈Ψ| Hˆ |Ψ〉
= min
ne→N
{
min
Ψ→ne
〈Ψ| Hˆ |Ψ〉
}
= min
ne→N
{
min
Ψ→ne
〈Ψ| Tˆ + Vˆee |Ψ〉+
∫
dǫ ne (ǫ) υe (ǫ)
}
= min
ne→N
{
Fυ [n
e] +
∫
dǫ ne (ǫ) υe (ǫ)
}
(3)
The first line in Eq. (3) expresses a minimization of the
expectation value of Hˆ with respect to the antisymmet-
ric wave function Ψ with N electrons. Below the second
line, the energy is minimized in the space of N -rep. en-
ergy electron density ne. In the third line the external
potential υe is also represented on the energy coordinate
defined by the potential υdef in Eq. (1). Specifically, if
υext(r) itself is taken as υdef(r), we have υ
e(ǫ) = ǫ. In the
fourth line we introduced a functional Fυ[n
e] which rep-
resents the sum of kinetic and electronic energies of Ψmin
that yields the energy density ne(ǫ). Importantly, it is
also possible to prove that a one-to-one correspondence
establishes between the subset of υ-rep. energy densities
ne associated with a potential υdef and the subset of the
potentials υ(ǫ) defined on the same energy coordinate
ǫ. Thus, the Hohenberg-Kohn type variational princi-
ple [7] holds for the energy distributions. However, it
should be noted that Fυ[n
e] is not a universal functional
of the argument ne since the energy distribution ne is
specific to the choice of υdef. Later, we will demonstrate
that some υ-dependent exchange-correlation functional
Eυxc[n
e] can actually be constructed using the conven-
tional DFT functionals as templates. The functionals for
kinetic energy and electron-electron repulsion can be de-
fined using the wave function Ψmin[n
e] which minimizes
the expectation value of Tˆ + Vˆee as
T [ne] =
〈
Ψmin
∣∣∣Tˆ ∣∣∣Ψmin〉 (4)
Vee [n
e] =
〈
Ψmin
∣∣∣Vˆee∣∣∣Ψmin〉 . (5)
Next, we consider the method to adapt the variational
search of Eq. (3) to the Kohn-Sham procedure. Intro-
ducing a single determinant wave function ΨSD of a non-
interacting system we define a functional G[ne], thus,
G [ne] = min
n→ne
{
min
ΨSD→n
〈ΨSD| Tˆ |ΨSD〉+ J [n]
}
. (6)
In Eq. (6), J [n] is the Hartree energy of the electron
density n(r) which yields ne. Then, the kinetic energy
Ts[n
e] of the non-interacting system can be represented
as
Ts [n
e] =
〈
ΨminSD
∣∣ Tˆ ∣∣ΨminSD 〉 (7)
3where ΨminSD is the wave function which minimizes T + J
in Eq. (6) under the constraint that its electron den-
sity gives ne. We define the Hartree energy J ′[ne] as a
functional of ne as
J ′ [ne] =
1
2
∫
dr1dr2
nmin (r1)nmin (r2)
|r1 − r2|
(8)
where nmin is the density constructed from Ψ
min
SD . With
the definitions of Eqs. (4), (5), (7), and (8), we define
the exchange-correlation functional Exc[n
e] as
Exc [n
e] = T [ne]− Ts[n
e] + Vee[n
e]− J ′[ne] . (9)
The Kohn-Sham energy minimization with the func-
tional Exc [n
e] can be expressed as
E0 = min
ne→N
{
G [ne] + Exc[n
e] +
∫
dǫ ne (ǫ) υe (ǫ)
}
= min
ΨSD
{
〈ΨSD| Tˆ |ΨSD〉+ J [n] +
+Exc [n
e] +
∫
dǫ ne (ǫ) υ (ǫ)
}
. (10)
The minimization in the first equality in Eq.(10) is per-
formed within a space of N -rep. energy electron den-
sity, while it is replaced in the second equality by a
search in the space of non-interacting wave function ΨSD.
Since arbitrary N -rep. electron density can be generated
from some N orthonormal orbitals using Harriman’s
construction[8], any N -rep. energy electron density de-
fined in Eq.(1) is also given in terms of ΨSD. We note
that part of kinetic and Hartree energies of the system
is described with a non-interacting system in Eq.(10).
To derive the Kohn-Sham equation to achieve the mini-
mization of Eq.(1) we formulate functional derivative of
Exc[n
e] with respect to one-electron wave function ϕi(r),
thus,
δExc [n
e]
δϕ∗i (r)
=
∫ ∫
dǫ dr′
δExc
δne (ǫ)
δne (ǫ)
δn (r′)
δn (r′)
δϕ∗i (r)
δ (r − r′)
=
∫
dǫ
δExc
δne (ǫ)
δne (ǫ)
δn (r)
δn (r)
δϕ∗i (r)
=
∫
dǫ υxc[n
e](ǫ)δ(ǫ − υ(r))ϕi(r)
= υxc[n
e](ǫ)|ǫ=υ(r) ϕi(r) . (11)
where υxc[n
e](ǫ) ≡ δExc[n
e]/δne (ǫ) is the exchange-
correlation potential for an electron on the energy co-
ordinate ǫ. We note that the definition of Eq.(1) is used
to derive the third equality in Eq.(11). It is important to
notice in Eq.(11) that one-body potential which carries
the effect of exchange and correlation among electrons is
constant on the hyper surface of the same energy coordi-
nate. As described above this restriction would not be a
serious disadvantage because of the postulate in Ref.[5].
Anyway, we have the Kohn-Sham equation parallel to
the conventional theory, thus,[
−
1
2
∇2
r
+ υH(r) + υxc(ǫ)
+υext(r)]ϕi(r) = ηiϕi(r) (12)
where the first and second terms in the square bracket
are, respectively, the kinetic and Hartree potential oper-
ators.
We now examine the performance of the present ap-
proach using a prototype of the functional Exc[n
e]. To
this end we introduce the average electron density n˜e(ǫ)
on the energy coordinate ǫ by dividing ne(ǫ) with the
spatial volume Ω(ǫ) of the region with the energy coor-
dinate ǫ. Explicitly, n˜e(ǫ) is given by
n˜e (ǫ) = ne (ǫ) /Ω(ǫ) (13)
Ω(ǫ) =
∫
drδ (ǫ− υ(r)) (14)
An ad hoc construction of the functional is to employ av-
erage density n˜e(ǫ) as a variable for some conventional
density functional Exc[n]. Then, the simplest exchange
functional can be constructed in terms of the exchange
energy of the homogeneous electron gas (HEG)[9], thus,
EHEGx [n
e] = Cx
∫
dǫ ne(ǫ)n˜e(ǫ)1/3 for each spin (Cx =
3
4 (
6
π )
1/3). We note that the functional is also depen-
dent on the potential υ(r) of interest through Eqs. (13)
and (14). Provided the average of the density gradient
|∇n(r)|υ(r)=ǫ over the energy coordinate ǫ is given, it
is also possible to apply a generalized gradient approx-
imations (GGA) to EHEGx [n
e]. Below, we provide an
exchange functional based on the Becke-Roussel (BRx)
approach[10, 11]. The BRx functional utilizes electron
density of the hydrogenic atom as a model exchange hole
for the real system. Since it necessitates in its construc-
tion the second derivative ∇2n(r) of the electron density
and the kinetic energy density τ(r), the information con-
tents of the arguments to the functional is comparable to
meta-GGA functionals. These derivatives are averaged
over the energy coordinate and serve to construct the
BRx functional EBRx [n
e]. We apply this functional com-
bined with the LYP correlation functional[12] to calcu-
late the potential energy curve of an H2 molecule around
the bonding region.
The result is shown in Fig.2, where it is also compared
with the results of BRx-LYP and BLYP functionals[12,
15] which use ordinary electron density n as arguments.
All of these calculations were performed using real-
space grid (RSG) approach[13, 14]. The electron density
and wave functions for the BRx-LYP calculations were
yielded by BLYP functional using ordinary electron den-
sity. To construct the energy electron density ne(ǫ) with
high resolution, the double grid technique was applied to
interpolate the potential υ(r) on the neighboring origi-
nal grids of RSG. Explicitly, five dense grid points were
introduced on a coarse grid along each direction[16]. It
is realized in the figure that the potential energy of the
present work which employs ne(ǫ) gives the result reason-
ably close to the original BRx-LYP functional. The dif-
ference is smaller than that of GGA functional (BLYP)
from the original BRx-LYP. Thus, it is clearly demon-
strated that the projection of the electron density n(r)
to the energy coordinate does not degrade the poten-
tial energy of H2 seriously. We also found the similar
trend for a hetero-diatomic molecule H-F with signifi-
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FIG. 2. Potential energy curves of H2 molecule computed
with the Kohn-Sham DFT utilizing real-space grid (RSG)
method[13, 14]. The exchange energy of this work was pro-
vided with the Becke-Roussel functional (BRx) using the en-
ergy electron density ne, while the correlation energy was
evaluated with the LYP formula as a functional of the elec-
tron density. The others were computed using functionals of
the electron density. Result of BRx-LYP/aug-cc-pVTZ given
by Gaussian 09 (G09) program suit is also shown as a refer-
ence.
cant electronic polarization and for the double bond of
C2H4 molecule. It should be kept in mind, however, that
the use of the pseudopotential leads to the shift of the
exchange energy because the energy density for a core
electron of a nucleus is simultaneously associated with
the density of other nuclei.
We, next, consider the method to incorporate the
static correlation into the exchange functional. As il-
lustrated in Fig.1 the energy electron density neσ of the
RKS solution at dissociation yields the same distribution
as that of the isolated H atom provided the exact total
electron density is given. Thereby, the correct exchange
energy can be realized with the energy density of the
dissociated RKS wave function. Unfortunately, when we
use the variable n˜e(ǫ) defined in Eqs. (13) and (14) the
dissociation curves of the UKS as well as RKS converge
to the RKS energy produced with the conventional ex-
change functional. Since the volume Ω(ǫ) at some coor-
dinate ǫ of dissociated H2 amounts to twice of the single
atom, average electron density at ǫ becomes half of the
corresponding density of the isolated atom. To solve this
problem we introduce an intermediate state of which to-
tal electron density n0(r) is expressed in terms of the
density np0 of the isolated fragment p. Explicitly, n0(r)
is given by
n0 (r) =
∑
p
np0 (r) . (15)
The choice of this reference state is motivated by the
frozen density functional (FD) approach [17] or the parti-
tion density functional theory (PDFT) [18] where the to-
tal electron density of an interacting system is built from
the densities of partitioned molecular regions. In the
present work the density of Eq. (15) serves to construct
the exchange-correlation energy Exc[n0] of the interme-
diate state. Then, the total exchange-correlation energy
Exc of the density n is expressed by sum of Exc[n0] and
the relaxation term ∆Erelaxxc , thus,
Exc [n, n0] = Exc [n0] + ∆E
relax
xc [n, n0] . (16)
The relaxation term describes the difference in the
exchange-correlation energy between the states which
correspond to the densities n and n0. In our approach
∆Erelaxxc is evaluated by a functional of energy electron
density, thus, ∆Erelaxxc = E
υ
xc[n
e] − Eυxc[n
e
0], where n
e is
derived from the spin-adapted wave function. At the dis-
sociation limit the exact ne coincides with the fragment
density ne0 by virtue of the property of the energy density
as illustrated in Fig.1. Therefore, the relaxation term
∆Erelaxxc in Eq. (16) completely vanishes at the dissocia-
tion and only the energy Exc[n0] remains, which guaran-
tees the correct asymptotic behavior. In this approach
the static correlation Esc is represented by the difference
in the exchange correlation energy for the reference den-
sities n0 and n
e
0, thus, Esc = Exc[n0] − E
υ
xc[n
e
0]. The
result for H2 dissociation is presented in Fig. 3, where
we employ the Slater’s LDA exchange functional EHEGx
that uses energy electron density n˜e0 or n˜
e as argument.
The atomization energy is evaluated as 109.5 kcal/mol
which shows rather good agreement with the experimen-
tal value of 109 kcal/mol. We emphasize that no ad-
justable parameter is introduced in the construction of
the dissociation curves. A drawback in the method de-
scribed above is that the density n itself is determined
independently of Esc because Esc employs only the ref-
erence density n0 as an argument. To incorporate the
effect of the static correlation in the variational calcu-
lation we next consider an implicit approach where the
exchange potential υx of the interacting system is con-
structed through the linear response scheme with respect
to the variation of the energy electron density n(ǫ). Ex-
plicitly, υx(ǫ) is given as
υx[n
e
1] (ǫ) = υx[n
e
0] (ǫ)
+
∫
dǫ′
δυx[n
e] (ǫ)
δne (ǫ′)
∣∣∣∣
ne=ne
0
δne (ǫ′) (17)
where δne = ne1 (ǫ) − n
e
0 (ǫ) represents the density shift
on the energy coordinate. The existence of the exchange
kernel δυx (ǫ)/δn (ǫ
′) is guaranteed by the one-to-one
correspondence between the energy density and the ex-
ternal potential defined with some defining potential. It
should be emphasized that we take an advantage of the
property of the energy electron density in the construc-
tion of Eq.(17). That is, δne can be an appropriate vari-
able for the Taylor expansion since ne would be reason-
ably close to the distribution ne0 on the energy coordi-
nate. Importantly, the exchange potential υx[n
e
1](ǫ) as
well as ne1 is optimized self-consistently through Eqs.(12)
and (17) under a given exchange kernel. In order to ap-
ply Eq.(17) to numerical calculations, we adopted the
5exchange kernel for HEG to Eq. (17), thus,
δυxc[n
e
0] (ǫ)
δne0 (ǫ)
=
4
9
Cx n˜
e
0 (ǫ)
1
3 ne0 (ǫ)
−1
(18)
Correspondingly, the exchange energy Ex[n
e
1] is given as
EHEGx [n
e
1] = E
HEG
x [n0] +∫
dǫ δne (ǫ)
{
4
3
Cxn˜
e
0 (ǫ)
1
3 +
+
2
9
Cxn˜
e
0 (ǫ)
1
3
δne (ǫ)
ne0 (ǫ)
}
. (19)
The potential energy curve given by Eq. (19) for H2
dissociation is also plotted in Fig. 3.
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FIG. 3. H2 dissociation curves calculated by spin restricted
KS-DFT with the Slater’s exchange functional (LDA) and
with the corresponding functional using energy electron den-
sity (LDA-E). The results which involve the static correla-
tions (SC) employing Eqs. (16) and (19) are also presented.
The value of the dissociation limit for the calculations with
SC is evaluated as the energy at the interatomic distance of
14.0 a.u. All the calculations are performed with our real-
space grid program code.
It is worthy of note that the result obtained using
Eqs.(17)-(19) and that given by Eq.(16) are hardly dis-
cernible, which implies the robustness of the linear-
response approach represented with Eq. (17). We, thus,
found that the variational approach can also be applied
to the dissociation of a chemical bond. However, it
should be noted that the potential curves with SC are
erroneously stabilized in the middle range of the H-H
distance (R(H-H) = 3.0− 4.0 a.u.) and this leads to the
unfavorable elongation of the equilibrium bond distance.
To avoid this problem will be the next issue in the cal-
culation of SC using energy electron density ne(ǫ).
In this Letter, we formulate the KS-DFT where the
distribution ne(ǫ) serves as a fundamental variable. It
was revealed that the KS-DFT based on the density
ne(ǫ) does not degrade seriously the quality of the ex-
change energy as compared to the conventional DFT.
A property of crucial importance in the density n(ǫ) is
that it can take into consideration the spatially non-local
information of the electron density n(r). By taking ad-
vantage of this property we developed a simple prototype
of the exchange functional which offers the static corre-
lation Esc in a bond dissociation. Although we found
some unrealistic stabilization in the potential curve of
H2 at the middle range of the H-H distance, the disso-
ciation energy is successfully evaluated showing a rea-
sonable agreement with the experimental value. As a
conclusion, the present approach with the density ne(ǫ)
can be potentially a new paradigm in DFT.
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